Multi-portfolio time consistency for set-valued convex and 

coherent risk measures 



Zachary Feinstein * Birgit Rudloff ^ 

December 24, 2012 



Abstract 

Equivalent characterizations of multi-portfolio time consistency are deduced for closed convex 
and coherent set-valued risk measures in LF^{Tt) with 1 < p < oo and image space in the power 
set of L^{J-t)- In the convex case, multi-portfolio time consistency is equivalent to a condition 
on the sum of minimal penalty functions. In the coherent case, multi-portfolio time consistency 
is equivalent to a generalized version of stability of the dual variables. As examples, the set of 
superhedging portfolios in markets with transaction costs is shown to have the stability property 
and a multi-portfolio time consistent version of the set- valued average value at risk, the composed 
AV@R, is given and its dual representation deduced. 
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1 Introduction 

The use of risk measures to calculate capital requirements has been widely studied, beginning 
with the seminal work on coherent risk measures by Artzner et al. [21 [3] . In \18\ [20] the axioms 
of coherency have been relaxed to define convex risk measures. 

Dynamic risk measures arise in a multi-period setting where risk is defined conditionally on 
information known at time t described by a filtration {J^t)J=o- Time consistency is a useful prop- 
erty for dynamic risk measures; it gives a relation between risks at different times. Conceptually, 
a risk measure is time consistent if, a priori, it is known that at a future time one portfolio is more 
risky than another then at any prior time the same relation holds as well. For dynamic risk mea- 
sures and time consistency in the scalar setting, we refer to [U [34l llSl [101 ESI Ul [13 [I2l [TTl [H [19] 
for the discrete time case and [211 [T3[ [T3] for the continuous time case. In particular, an equiv- 
alent property for time consistency in the coherent case is given by the stability of the dual 
probability measures as seen in [H [lOl [HI [171 H]. In the convex case a property on the sum of 
penalty functions was deduced in [T71 [lOl [HI [H [1]. This property is referred to as the cocycle 
property in [8l|9]. 
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When multivariate random variables, or markets with transaction costs, are considered it 
becomes natural to work with set-valued risk measures; in this way capital requirements can 
be made in a basket of currencies or assets rather than a chosen numeraire. In the static 
single period framework set- valued risk measures have been studied in [28l |25l [231 121] • The 
dynamic version of set- valued risk measures were studied in [161 [5], and an approach to dy- 
namic risk measures under transaction costs using a family of scalar functions was studied 
in [SI [27]. We will take our setting from In that paper, set- valued coherent and con- 

vex dynamic risk measures were discussed, and a set-valued version of time consistency, called 
multi-portfolio time consistency, was defined. In the scalar framework, time consistency is 
equivalent to the recursive form pt{X) = pt{—pt+i{X)), and in the set-valued framework it 
was proven that multi-portfolio time consistency is equivalent to the set-valued recursive form 
Rt{X) = Rt{-Rt+iiX)) := Uzg/?t+i(x) Rt{-Z). 

In section 2, we will review the basic results of [T6| that are needed for the present paper. 
Section [3] deduces an equivalent characterization of multi-portfolio time consistency for set-valued 
normalized closed convex risk measures. This is given by a property on the sum of minimal 
penalty functions, called the cocycle property in the scalar case in [HI [9], and is the extension of 
the scalar result of [17[ [TOt [HI [U [l] . The proof of this results is entirely different from the proof in 
the scalar case as the scalar method cannot be applied in the set-valued case. Section [D discusses 
two equivalent characterizations of multi-portfolio time consistency for set-valued normalized 
closed coherent risk measures. The first is the result for convex risk measures applied to the 
coherent case. This characterization has not been explicitly stated in the scalar case, but is 
useful for generating multi-portfolio time consistent risk measures (see e.g. [H]). The second 
property is the set-valued generalization of stability of the dual variables, and generalizes the 
work in [H [TOl [T9l [TTl [4] . Section [5] gives a method for composing a risk measure backwards in 
time to create a multi-portfolio time consistent version of this risk measure. Special attention is 
given to the composed form for closed convex and coherent risk measures. Finally, in section [HJ 
we discuss two examples. First, we look at the set of superhedging portfolios and show that the 
set of dual variables for this closed coherent risk measure is stable in the sense given in section [H 
Then we study the dynamic set-valued average value at risk, proposed in [261 [E], and give the 
multi-portfolio time consistent version of it by backward composition. We use the results of 
section [5] to deduce its dual representation. 

2 Set-valued dynamic risk measures 

In this section, we will introduce some notations and, for easing the readability of the present pa- 
per, review basic definitions and main results about duality and multi-portfolio time consistency 
of set-valued dynamic risk measures from [16] . 

Consider a filtered probability space (0, 7"^, (J'()^q, P) satisfying the usual conditions where 
J-Q is the trivial sigma algebra. Let | • | denote an arbitrary norm in and let L^^{J-t) := 
L^(0, Jt,P) for any p € [l,C)o]. LPj^Ft) denotes the linear space of the equivalence classes of 

Jt-measurable functions X : — )• M'^ such that \\X\\p = (J^^ \X{oj)\PdF)^ < +oo for p G [l,oo), 
and ||X||oo = esssup^gQ l-'^l'^)! < +00 for p = 00. We consider the dual pair (^L^{Tt) , L'^{Tt)) 
with p G [1, -|-oo] and q is such that ^ -|- | = 1, and endow it with the norm topology, respectively 
the a (L^(Jt), -^^rf(-^T))-topology on L'^{Ft) in the case p = +00. 

We denote by L-^{J^t', Dt) those random vectors in L-^{Tt) that take P-a.s. values in Dt. Note 
that an element X £ L^{J't) has components Xi,...,Xii in L^^Tt) = L\{Ft). (In-) equalities 
between random vectors are always understood componentwise in the P-a.s. sense. The multi- 
plication between a random variable A G L°°{Tt) and a set of random vectors D C L^[Tt) is 
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understood as AD = {XY :Y £D}(Z L2(J't) with {XY){uj) = X{uj)Y{uj). 

Let L^a{Tt)+ ■■= {X € L^ai^t) ■ X eR^F- a.s.} denote the closed convex cone of M'^-valued 
J^t-measurable random vectors with P-a.s. non-negative components. Additionally we write 
L^(Ji)++ := {X G L^iTt) : X G P - a.s .} to be the J^^-measurable random vectors which 
are P-a.s. positive. 

As in [29] and discussed in [361 EO], the portfolios in this paper are in "physical units" of 
an asset rather than the value in a fixed numeraire via some price. That is, for a portfolio 
X G L^^Tt), the values of Xi (for 1 < i < d) are the number of units of asset i in the portfolio 
at time t. 

Let Mf be an /t-nreasurable set, where Mt[co] denotes the set of eligible portfolios, i.e. those 
portfolios which can be used to compensate for the risk of a portfolio, at time t and state u. We 
assume Mt[a;] is a subspace of M"^ for almost every cj G It then follows that Mt := L^^{J^t', Mt) is 
a closed (weak* closed if p = +oo) linear subspace of L^{J't), see section 5.4 and proposition 5.5.1 
in |30j . As noted in [16], it will commonly be the case that the same portfolios are eligible through 
time and independent of the state of the market, that is Mt = Mq almost surely for all times t 
for some subspace Mq of M"'. We will assume that this is the case for most of the results in the 
present paper. Notice that this assumption also implies Mt C M^+i for all times t, which is an 
assumption appearing in the equivalent characterizations of multi-portfolio time consistency in 
[16]. Let us denote (Mt)+ := MinL^(J't)+. We will assume {Mt)+ is nontrivial, i.e. (Mt)+ ^ {0}. 

A conditional risk measure is a function which maps a d-dimensional random variable X into 

V {Mt; {Mt)+) :={DCMt:D = D + {Mt)+} , 

which is a subset of the power set 2^"^*. Conceptually, the value of a risk measure Rt{X) is the 
collection of eligible portfolios at time t which cover the risk of the portfolio X. 

Definition 2.1. A function Rt : L^{Tt) — )■ V {Mt; {Mt)+) is a normalized conditional risk 
measure at time t if it is 

1. Mt -translative: Mrrit G Mt : Rt {X + mt) = Rt{X) — nit; 

2. L%TT)+-monotone: Y-X e ^^(^7)+ Rt{Y) 5 Rt{X); 

3. finite at zero: 7^ i?j(0) / Mt; 

4. normalized: MX G L^^i^t) ■ Rt{X) = Rt{X) + Rt{0). 

Additionally, a conditional risk measure at time t is convex if for all X,Y ^ L^{J^t), for all 
< A < 1 

Rt{XX + (1 - X)Y) D XRt{X) + (1 - X)Rt{Y), 
is positive homogeneous if for all X G L^{Tt), for all X > 

Rt{XX) = XRt{X), 

and is coherent if it is convex and positive homogeneous. 

A conditional risk measure at time t is closed if the graph of the risk measure, 

graph Rt = {{X,u) G LP{Tt) x Mt : ue Rt{X)} , 

is closed in the product topology. 

The properties given in definition 12.11 above are desirable for risk measures (as discussed 
in |241ll6j). Mt-translativity gives the interpretation of a risk measure as the 'capital requirement' 
to cover risk. Monotonicity means that if one portfolio dominates another (almost surely) then its 
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risk should be lower. The normalization property (with closedness) ensures that the zero portfolio 
compensates the risk of the zero payoff. Additionally, convexity (and coherence) are useful 
properties for measuring diversification effects of portfolios. Similarly, one can define conditional 
convexity, where A G M above is replaced by A € L^{Ft) s.t. < A < 1, and conditional 
positive homogeneouity, where A > above is replaced by A G L°°{Ft)++- Clearly, a conditional 
convex (conditional positive homogeneous) function is also convex (positive homogeneous). We 
are working in this paper with the more general concept as all the results deduced in this paper 
hold true in the more general setting as well. 

The image space of a closed convex conditional risk measure is given by 

g{Mt; iMt)+) = {DC Mt ■.D = z\co{D + {Mt)+)} . 

A dynamic risk measure {Rt)f^Q is a sequence of conditional risk measures. It is said to 
have one of the properties given in definition [2T] if Rt has this property for every t € {0, 1, T}. 

Instead of considering risk measures directly, a portfolio manager might be interested in the 
set of portfolios which have an "acceptable" level of risk, called an acceptance set. 

Definition 2.2. At C L^^Tj^) is a conditional acceptance set at time t if it satisfies all the 
following: 

1. Mt riAtj^iD, 

2. Mt n {LP{TT)\At) + 0, and 

3. At + L%FT)+<ZAt. 

A conditional acceptance set is normalized if it satisfies At+AtOMt C At with € cl {At PI Mt). 

There is a one-to-one correspondence between risk measures and acceptance sets, see remark 2 
and proposition 2.11 in jT6]. The acceptance set associated with a conditional risk measure Rt 
is defined by 

At := {X e L'^iJ^r) : e Rt{X)} 
and the risk measure associated with an acceptance set is defined by 

Rt{X) ■.= {ueMt:X + u£At}. 

Further, we will define the s-stepped acceptance set at time t as 

Af^;+: := {X G Mt+s ■.OeRt{X)} = Atn Mt+s. 

For a thorough discussion of stepped risk measures see section 18.31 



2.1 Dual representation 



Let 7W(i(P) denote the set of d-dimensional probability measures absolutely continuous with 
respect to P. Let diag (x) be the diagonal matrix with the components of x on the main diagonal. 
Consider Q € We will use a P-almost sure version of the Q-conditional expectation given 

by 







'dQ 






[X\ J^t] ■■= E 


diag (e 


_ dF 


Tt 


^ diag 



X 



Tt 



where E 



{ijS)'^-{ijj) := 1 for any w € with E 



Tt 



(tj) = 0, see e.g. [miS]. 



The halfspace in Vj^Tt) with normal direction w € L^(J-4)\{0} is denoted by 



Gtiw) := {ueLPiJ't) ■■0<E 
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We will define the set of dual variables to be 
where for any < t < r < T 





'dQ 






"dQ 




wKQ, w) = diag (w) diag 


_ dF 




^ E 


_ dF 





Mt = {v^ L^iTt) : Vn G Aff : E [v'^u] = O} and C+ = {v £ L%Tt) : Vn G C : E [v^u] > O} de- 
notes the positive dual cone of a cone C C LF^[Ti) for any time t. 

In the following we review the definition of penalty functions and the duality results from [16] . 



Definition 2.3. A function —at : Wt — )■ Q{Mt; {Mt)+) is a penalty function at time t if it 
satisfies 

^- ^{Q,w)€Wt ~ Q^t(Q, 7^ and —at(JQ,w) ^ Mt for at least one {Q,w) G Wt and 
2. -at(Q, w) = cl (-at(Q, w) + Gt{w)) n /or aZZ (Q, u;) G W*. 

Theorem 2.4 (Theorem 4.7 in [16]). A function Rt : L^ai^r) ^ ^(Mt;(Mt)+) is a closed 
convex conditional risk measure if and only if there is a penalty function —at at time t such 
that 



Rt{X)= [-at{^,w) + [W}i[-X\Tt] + Gt{w)]nMt 

{(Q,«>)eWt 



(2.1) 



In particular, for Rt with the aforementioned properties, equation (|2.ip is satisfied with the 
minimal penalty function — aj^™ defined by 



cl J (E'i[Z\Tt] + Gt{w)]nMt. 

Z&At 



(2.2) 



The penalty function — af ™ has the property that for any penalty function —at satisfying equa- 
tion (HU it holds that -at{Q,,w) ^ -af''^{'Q,,w) for all (Q,w) G Wj. 

Corollary 2.5 (Corollary 4.8 in [16]). A function Rt : L'^iTr) Q{Mt; (Mj)+) is a closed 
coherent conditional risk measure if and only if there is a nonempty set Wt,Rt ^ such 
that 

Rt{X)= fl {¥.'i[-X\Ft] + Gt{w))r\Mt. (2.3) 
In particular, equation (j2.3p is satisfied with Wt^Rt replaced by Wf^^ with 



w)eWt:wJ{Q,w)eA+}. 



If y^t,Rt satisfies equation (j2.3p then the inclusion Wt^R^ ^ Wf^^ holds. 



2.2 Multi-portfolio time consistency 

In [TB] it was shown that a useful concept of time consistency for set-valued risk measures is given 
by a property called multi-portfolio time consistency. In the following we review the definition 
and equivalent characterizations of this property. 
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Definition 2.6. A dynamic risk measure {Rt)f^Q is called multi-portfolio time consistent 

if for all times t £ {0, 1, ...,T — 1} and all sets A,B CI L^[Tt) the implication 

U Rt+liX) C U R,^,(Y) ^ U RtiX) C IJ R,{Y) (2.4) 
xeA YeB X£A YeB 

is satisfied. 

The intuitive reasoning for multi-portfolio time consistency is if at some future time the risk 
of a market sector A, i.e. a collection of portfolios, is greater than the risk of another market 
sector B then at any prior time the same relation should hold true. This property is stronger 
than (set-valued) time consistency, which is defined by 

Rt+i{X) C Rt+i{Y) Rt{X) C Rt{Y) 

for any time t € {0, 1, ...,r — 1} and any portfolios X, y G V^{Ft)- However, in the scalar case, 
both concepts coincide with the traditional concept of time consistency. 

Theorem 2.7 (Theorem 3.4 in [TB])' For a normalized dynamic risk measure {Rt)f^Q the fol- 
lowing are equivalent: 

1. {Rt)f^Q is multi-portfolio time consistent, 

2. Rt is recursive, that is for every time t € {0, 1, ...,T — 1} 

Rt{X)= IJ Rt{-Z) =: Rt{-Rt+i{X)). (2.5) 

zeRt+i{x) 

If additionally C Mf^i for every time t G {0, 1, T— 1} then all of the above is also equivalent 
to 

3. for every time t G {0, 1, T — 1} 

At = At+i + A^l^l. (2.6) 

The above theorem provides the equivalence between multi-portfolio time consistency and 
the recursive form for set-valued risk measures. In [16] it was demonstrated that the set of 
superhedging portfolios satisfies the recursive form, but the set-valued average value at risk does 
not. Furthermore, [16] shows that the algorithm for calculating the set of superhedging portfolios 
in [32] is a result of the recursive form, which demonstrates that the recursive form can be seen 
as a set- valued version of Bellman's principle. 

3 Convex risk measures and multi-portfolio time con- 
sistency 

In this section, we want to study the impact of the multi-portfolio time consistency property on 
the penalty function of a closed convex risk measure. In the scalar case it could be shown that 
(multi-portfolio) time consistency is equivalent to an additive property of the penalty functions, 
see e.g. [171 Hffl El El I], which is called the cocycle property in [H [9]. We will show that a 
corresponding result is also true in the set- valued case. However, it is much harder to prove than 
in the scalar case. The reason is that, when following the proofs along the lines of [17^ [9], an 
additional infimum (that is the union in the recursion) appears in the set-valued case, which is 
not present in the scalar case. One would need to apply a minimax theorem in order to exchange 
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the infimum and the supremum, but it is hard to verify the constraint quahfication. Thus, we 
will follow a different route in proving the main theorem about the equivalence between multi- 
portfolio time consistency and an additive property of the penalty functions. In the heart of this 
new proof lies a Hahn-Banach separation argument, which we will provide before presenting the 
main theorem. 

2*-^* defined by 



The Hahn-Banach argument uses the functions Fhi* ^ 



TpMt 

^iY,v) 



X] := \ueMt:E 



< E 



for Y S L^(J-''r), V E L^(J"f). These functions are the main ingredients in the duality theory 
for set- valued functions (see [22], example 2 and proposition 6), as they replace the continuous 
linear functions used in the scalar duality theory. Lemma 4.5 in [16] relates the variables (Y, v) 



to the dual variables {Q,w) 
L^,(7-r)+x(E[y|J-i] + MJ 

FiQl^V where 



€ Wt used for risk measures in the following way. For every (Y, v) € 
) \Mj^ there exists a (Q, w) G Wt (and vice versa) such that F^^y-j = 



ueMt-.E 



Clearly, the functions -^'(q*^) appear in the dual representation (|2.ip of risk measures and in the 
definition of the minimal penalty function (j2.2p . 

For the remainder of the paper, we will assume that the same portfolios are eligible through 
time in all states of the market. 



< E 



E'i[X\Tt] + Gtiw))nMt. 



Assumption 3.1. Let the space of eligible portfolios be such that Mt 
for all times t for some subspace Mq of M"^. 



Mo almost surely 



We are now ready to formulate the Hahn-Banach argument, which characterizes when a 
portfolio is acceptable. 

Lemma 3.2. Let At Q LF^{J-t) he a closed convex acceptance set, and let X S L^{Tt)- Then, 
X ^ At if and only if there exists a (Q, w) S Wq such that 



zeAt 



Proof. By the separating hyperplane theorem, X ^ At then there exists a K S L'^{J-t)+ such 
that E [y^x] < infzeAt ^ [^^ Z] . (If we choose Y ^ L%Tt)+ it follows that inf^g^i E [Y'^Z] 

C At which leads to a contradiction.) 



-oo by At + L^Tt) 



This implies that F^^o^^ [X] 



^lUzeA.<°.) [Z] for any 



{u G Mo : E [Y^X] < v'^u} 2 {u G Mo : infzeAt E [Y'^ Z] < v'^u} 
V Mq since f{u) = v^u is a continuous linear operator from Mo to M. In particular this is 
true for any v {E \Y] + ■ Then by lemma 4.5 in [16] there exists a pair (Q, w) G Wq 



such that F, 



Mo 



[•], therefore F^;;^ [X] D clU^eA. ^Zl) 



If F.^o... [X] 2 c\[]zeAt ^(iU [^] ^) ^ ''^0, then E^ [X] / E^ [Z] for ah Z G At. 



Therefore X ^ At 



□ 



In order to formulate the additive property of the penalty functions, we need to define the 
minimal stepped penalty function —a™" (stepped from t to r > t). The definition is straight 



forward, using the definition of minimal penalty functions (|2.2p . but with stepped acceptance 
sets. Define — af ™ by 



a 



t,T 



Iw) := cl 



U 



X&A 



Mt 



E'i[X\Tt] + Gt 



w 



r\Mt 



(3.1) 



7 



for {Q,w) G Wt,r = {{Q,w) G Md{F) x (((Mt)+)+\Mi^) : wUQ,w) G ((M0+)+}. A detailed 
discussion about stepped risk measures can be found in section 18.31 of the appendix. 

We now state the main theorem of this section. Its proof is based on the Hahn-Banach 
argument given above and several lemmas provided in the appendix, sections 18.11 and 18. 2|, that 
concern e.g. the relation of dual variables at different times. 

Theorem 3.3. Let assumption I3.il be satisfied. Let {Rt)f^Q be a dynamic normalized closed 
convex risk measure. Then, {Rt)J^Q is multi-portfolio time consistent if and only if 

-ar\Q,w) = cl (-a^;'^(Q,t/;) +E«3 [-ar\q,wnQ,w))\ Tt]) 

holds for every (Q, w) G Wt for all t,T G {0, 1, ...,T} vuith t < t. 

Proof. From theorem 12. 7| a normalized dynamic risk measure {Rt)J^Q with Mt C M^+i is multi- 
portfolio time consistent if and only if At = Af^^ + Aj- for every t,T {0, 1, ...,T} with t < t. 

1. Assume {Rt)f^Q is a normalized convex multi-portfolio time consistent risk measure, i.e. 
assume At = A^; + Ar. 

First, let At C Af^^ + Ar, that is for any X e At there exists Xt^r G Af^^ and Xr G Ar 
such that X = Xt^r + Xr- Let {Q,uj) G Wt (then {Q,vu) G Wt,r, see remark [8^ and 
{QjivJ {Q,w)) G Wr by lemma IHTT]) . Then using proposition 18.41 

(e^ [x\ j^t] + Gtiw)'^ n Mt = (eQ [Xt,r + Xr\ Tt] + Gtiw)^ n Mt 

[E'i[Xt,r\J't] + Gt{w)) nMt 



+ E'" 



[Xr\Tr] + Gr{wl{Q, w)) fl Mr 



Tt 



cl U (E^[X|7-t] + Gt(u;)) nMi 



This implies 



C cl (-a-^°(Q,u;) +E^^ [-a-'-^(Q, ^5[(Q, 

Second, let At ^ + Ar, that is for any Xt^r S ^f^i" and Xr G then Xt,^ ^ Xr ^ At. 
Let (Q,w) G Wt (then (Q,t(;) G Wt,,- as mentioned in remark [8^ and (Q, i(;[(Q, lu)) G Wr 
by lemma ET]). Then by proposition 18.41 

(e^ {Xt^ Tt\ + Gt(w)) n Mt + E« [ (e^ I Tr\ + Gr(u;t"(Q, u;))) n | 

E^^[Xt,r + Xr| J-t] + Gt(u;)) nMt (3.2) 



Therefore 

cl (-<'^(Q,u;) +E«2 [-a--(Q,ti)[(Q,u;))| J-t]) 



cl -a'7(Q,u;) + cl \] (e^ [X^ | Ji] + Gt(^«)) n Mt (3.3) 

( \ 

cl cl IJ (e^ [Xt,r| H + Gtiw)) n Mt + cl U (e'^ [Xr I J-t] + Gt{w)) n Aft 
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cl 



cl U (eQ [Xt,r + Xr\ Tt] + Gt{w)) n M, 



(3.4) 



C-ar(Q,u;). 

Equation p.3p follows from lemma [8^31 and equation ()3.4p follows from proposition 1.23 
in ED. 



2. Conversely, assume -af^'iQ^w) = d{-af^^'\Q,w) + E'^ [-af''{Q,wJ{Q,w))\Tt]) for 
every (Q, G W*. 

Note that for any (Q,w) € Wo it holds wJ)((Q,w) = w'[{Q,w^q((Q,w)). 

Let X € A*^^ + At, then from equation (j3.2p and proposition 18.41 for every (Q, w) € Wq 



= E^ [_ar(Q,4(Q,^))] 



The last equality follows from lemma [8^ If we assume that X ^ At then, by lemma 



there exists a pair {Q,w) G Wo such that F^I°^ [X] cllj^g^^ ^(q"w) E-^]' However, this 



IS 



a contradiction to the above, therefore X £ At and thus 

Af^;+Ar^At. (3.5) 
Let X € At, then (using proposition 18.41 and lemma [8^31) ) for every (Qjw) € Wo 

= eQ [cl(-a^^;^(Q,4(Q,u;))+E^^[-ar(Q,«)5(Q,«;))| J-i])' 

= ^1 U ^(Q^^) ■ 
zga,^_^-+a. 

If we assume that X Af:^" + Ar (which is a closed convex acceptance set by lemma E6] 
and where the assumption A^^^ + A^- At of lemma 18.61 is satisfied by (|3.5p ) then, by 
lemma 1121 there exists a pair {Q,w) G Wo such that 

^tSU [^] 2 cl U ^tt) [^] ■ 

This is a contradiction to the above, therefore X G ^ft"^ + Ar- 

□ 

In the above theorem we have demonstrated that the sum of penalty functions gives an 
equivalent characterization of multi-portfolio time consistency. This allows us to define risk 
measures by the penalty functions alone and verify whether the corresponding closed convex risk 
measure is multi-portfolio time consistent. 
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4 Coherent risk measures and multi-portfolio time 
consistency 

In this section, we want to study multi-portfolio time consistency in the coherent case. In 
particular, we want to find equivalent characterizations of multi-portfolio time consistency with 
respect to the set of dual variables. In the scalar framework an equivalent property is given 
by stability of the dual variables, also called m-stability, which was studied for the case when 
the dual probability measures are absolutely continuous to the real world probability measure P 
in [H [To] , and when the dual probability measures are equivalent to F in [131 [13 S] ■ 

For the results below we use the definition of the maximal set of stepped dual variables 
wmax ^ -^^^^ defined in section [831 That is, 



i ^ C Wt,T as defined in section 



y^;max 



t,T 



w 



Gt{w) n Mt} = [{q,w) E Wt,r ■■ wUQ,w) e (Ajr )+} • 



Remark 4.1. For any closed coherent risk measure Rt (not necessarily multi-portfolio time 



consistent) under assumption 13.11 it can trivially be seen that Wf^ 
(see remark [8^ and wf{Q,w) € vl^ implies wJiQjW) G (Af^^) + . 



C Wff ^ since Wt'ZWtr 



The first result we provide, which will be useful for generating a closed coherent multi-portfolio 
time consistent risk measure in section [H is a corollary to theorem 13.31 above. 
Let us define the set : 2^- 2^* by 



,w) eWt: 



HUD) :-- 
for any < t < r, and any D C W^. 

Corollary 4.2. Let assumption \3.1\ be satisfied. Let {Rt)f=Q be a dynamic normalized closed 
coherent risk measure. Then, {Rt)f^Q is multi-portfolio time consistent if and only if for all 
t,T G {0, 1, T} with t < T it holds 

and proposition 18.41 by noting that for any times 



yymax 



Proof. This follows trivially from theorem 
t and T > t 



-a-i 



-a 



,w 



Gt{w)nMt if{Q,w)eW, 

Mt else 

'Gt{w)nMt if(Q^ 

Mt else. 



max 
t 



And since Wt^r 5 VVf (see remark 18. 8p for any times t < t, we have W, 

^yymax p yy^) p i^r^yymax)^ therefore the result folloWS. 



max 



n Hiiw^ 



□ 



We now want to study the pasting of dual variables and the generalization of stability to the 
set- valued case. 

For Q, M G Md(F) we denote by QO'^M the pasting of Q and M in r, i.e. the vector probability 
measures S G J^dOF) defined via 



dS 



diag E 



diag E 



In the set-valued framework we will define stability as a property with respect to two other sets. 
This is due to the fact that our dual variables consists of pairs. Naturally, stability is a property 
that imposes conditions on both components of a pair {Q,w). 
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Definition 4.3. A set Wt ^ Wt is called stable at time t with respect to Wt r o-nd Wr for t > t 
if 

1. (Q,w) G Wt implies {Q,wl{Q,w)) G Wr and 

2. (Q,u;) € Wt^r andRG Md{^) such that (M, u;[(Q, w)) G Wr implies {Qm^R,w) G Wt. 

The main theorem of this section is given below. It provides an equivalence between the 
stability of the sets of dual variables Wf^^^ and multi-portfolio time consistency. We present 
an additional property which is equivalent to stability and therefore to multi-portfolio time 
consistency. This additional property, given in equation ()4.ip . is a generalization of property (2) 
of corollary 1.26 from [T]. 

Theorem 4.4. Let assumption \3. 1\ be satisfied. Let {Rt)f^Q be a normalized closed coherent risk 
measure, then the following are equivalent: 

1. {Rt)J^Q is multi-portfolio time consistent; 

2. W™'^^ is stable at time t with respect to Wf^r^ and Wf"^^ for every time t,T G {0, 1, ...,T} 
with t < t; 

3. for every time t,T ^ {0, 1, T} with t < t 

= { (Q M, w) : (Q, w) G Wf^r^"", (M, w^Q, w)) G W^"} • (4.1) 

Proof. We will show that multi-portfolio time consistency implies stability, stability implies 
equation (j4.ip . and finally, that equation (j4.ip implies multi-portfolio time consistency. 

l.=>2. Assume {Rt)f=Q is multi-portfolio time consistent. We want to show that Wf^" is stable 
at time t with respect to Wf^**" and W™*^", as given in definition 14.31 

(a) By corollary lU it follows that Wf'"" C iJ^^(Vyr") and thus {Q,w) G W^'"'' implies 
(Q,w)[(Q,u;)) G Wf^". 

(b) Let t < T, {Q,w) G Wt°f" and M G Mdi^) with (M, u;[(Q, w)) G W™'^". We need to 
show that (S, w) G W^"^^ where S = Q M is the pasting of Q and M at time r. 

i. {S,w) G Wt since S G A^d(P), w G ((Mt)^)+\Mj^, and 

= w^{R,wUQ,w)) G 

h. {8,w) G Wf^" if -af^''^(S,t(;) = Gtiw) D Mt. By theorem O it follows that for 
any (S, w) G Wt 



(S,w) = d(-af;^{S,w) + [-af''{S,wl{S,w))\Tt] 



It holds -at^^°(S, w) = -a^^'^lQ, -w) by the tower property, and -q^'°(S, wJ(S, w)) 



-af''(§,wl{§,w)) =d U {E^[X\Tr] + Gr{w'[(S,w))j nMr 

XeAr 

cl [J {x G : E u;[(S, u;)^E^ [X| J-^] < E tZ;[(S, 



cl y |x G : E 

Xl^Ar 

cl IJ |x G : E 

xeAr 



wl^{R,wUQ,w))'^X 



< E 
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= cl [j |x G : E 
Therefore, 

-af'iS, w) = cl (^-af;^'^{S, w) + [-a^°'°(S, -«)[(§, w))\ Tt] ) 

= cl [-a^riQ, w)+E'i[ -af-{R, wUQ, w)) \ Tt] ) 

= cl (^Gt{w) n Mt + E«3 [a(^5[(Q, u;)) n M,| J^]) 
= Gt{w)nMt, 

using (Q,i(;) G Wj^f'' and (M, ?Z;[(Q, w)) G W™''''. The last line follows from 
proposition 18.41 

Therefore for every time t, Wf^^^ is stable at time t with respect to Wf^^^ and Wf^^ for 
every t > t. 

2. =^3. We will demonstrate that stability implies equation (j4.ip . If for every time t, W™^^ is stable 

at time t with respect to Wf^^^ and W™*^^ for every r > t then trivially "5" in equation ()4.ip 
follows by the second property of stability. By the first property of stability and remark [^T] 
then for any {q,w) G Wf^^ it follows that {Q,w) G W^^"" and {Q,wJ{q,w)) G W^'^^. 
Since Q = Q 0"^ Q for any time r and any probability measure Q G A^rf(P), then "C" in 
equation (j4.ip trivially follows. 

3. =^1. We will prove that equation (14. ip implies that for every (Q, G it holds — a™™(Q, w) = 

cl {-af^l'^iQ, w)+E'^[ -a™'"(Q, -^HQ, J^t] ) which in turn implies multi-portfoho time 
consistency by theorem 13.31 

(a) We will show that C { (Q 0^ M, w) : (Q, w) G Wf^^"", (M, w)) G W™^^} im- 
plies -af'''^(Q, w;) D cl(-af^;'^(Q,u') +E^ [-af''{Q,ivJ {Q,w))\ J^t]) for every (0,^1-) G 

i. Let (S,'u;) G Wf^''''. Then, -ar°(S, = nMt. Additionally, there exists a 
Q, M G Md{P) such that (Q, G Wj"f ^, (M, w)) G W^'^^, and S = Q 0^ M. 
This implies -af^^^'iS^w) = -af^l'^i^w) = Gt{w)r\Mt and -af''{S,wl(E,w)) = 
-af''{R,wl{Q,w)) = Gr{wJ{Q,w))nMr = Gr{wU§,w))nMr. Therefore, using 
proposition 18.41 

-af''{S,w) = Gt{w)nMt 

= cl (Gt{w) n Mt + E^ [GriwliS, w)) n Mr\Tt]^ 

= cl w) + E^ [-ar"(S,^ir(S, w))\ Tt]) ■ 

ii. Let (S, G WAWf''''', then -af'^{§, w) = Mt. Therefore it automatically follows 
that -a'^''^{S,w) 2 cl {-a^}^{^,w) +¥? [-af^'^(S,zi;[(S,'«;))| Tt]). 

(b) We will show that Wf"^^ 5 { (Q 0^ M, u?) : (Q, w) G Wj^f ^, (M, w)[(Q, w)) G W™^^} im- 
plies -af^''^(Q, t/;) C d{-af^{Q,w) [-af^'^{Q,w1{q,w))\Ft]) for every (Q,u') G 

i. Let (S,w;) G {(Q0^M,w;) : (Q,u;) G Wj":^^, (M, w;)) G W^^^}. Then by as- 
sumption (S,u;) G Wf'"'' ^ Wt and -ar'^(S,u;) = Gt{w) n Mt. Additionally, 
there exists some Q,M G A^d(P) such that {Q,w) G Wt™^^'', (M, w)) G 



'"e^ [x| j;] 



< E 
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W™''^, and S = Q 0^ M. As above this implies that -aJ°^"(S,u;) = Gt{w) n 
Mt and -a™°(§,i()[(S,w;)) = w)) n M^. Therefore -ai"''^(S, = 

cl ( -af^^ {S,w)+E^[ -af"" (S, wj (S, w;) ) | Ji] ) . 

ii. Let {S,w) G >VA{(Q©^K,u') : (Q, u;) G W^^f^, (M, tyHQ, ^^0) ^ W^^'^}. Then for 
every Q, M G A4<i(P) such that S = Qe^M either (Q, w) W^^f ^ or (M, ?Z;[(Q, u-)) 
yymax^ This imphes for any Q, M G 7Wd(F) where S = Qe^M either -a^;'^(S, -u;) = 
-aj;^^'^(Q, = Mt or -a!;::^i'i(S, w)[(S, u;)) = -q™'°(M, '(Z;[(Q, w)) = M^.' Therefore 
cl{-af^^{S,w)+E^ [-af''{S,wJ(S,w))\j^t]) = Mt. Thus we have -a^''^(S, u;) C 

□ 

The above theorem provides two equivalent representations for multi-portfolio time consis- 
tency for coherent risk measures. This generalizes the stability property for scalar risk measures, 
which is a well known result. Conceptually, stability means that pasting together dual vari- 
ables creates another possible dual variable, which logically corresponds with time consistency 
concepts. 



5 Composition of one-step risk measures 

As in section 2.1 in [TI] and section 4 in [12], a (multi-portfolio) time consistent version of any 
scalar dynamic risk measure can be created through backwards recursion. In the following we 
recall the corresponding results from proposition 3.10 and corollary 3.13 in [16] in the set-valued 
framework. Then, in corollary 15.31 we prove an equivalent formulation for closed convex and 
coherent risk measures, which will be very useful to deduce dual representations of composed 
(and thus multi-portfolio time consistent) risks measures. 

Proposition 5.1. Let (i?j)^Q be a dynamic risk measure on L^{Tt) and let Mt Q Mt+i for 
every time t G {0, 1, ...,T — 1}, then {Rt)f^Q defined for all X G L^{Tt) by 

Rt{X) = Rt{X), (5.1) 

Vt G {0,l,...,r-l} : i?i(X) = IJ Rt{-Z) (5.2) 

ze/jt+i(X) 

is multi-portfolio time consistent. Furthermore, {Rt)J^Q is Mt-translative and satisfies mono- 
tonicity, but may fail to be finite at zero. Additionally, if {Rt)J=o ^'^ convex (coherent, closed) 
then {Rt)f^Q is convex (coherent, closed). 

Proof. All but the closedness property was proven in proposition 3.10 in |16j . 

Rt is closed if and only if At is a closed set. Using corollary 3.13 in |16j (cited below) we have 
in particular. At = At is closed. Then using backwards induction we will assume At+i is closed 
and need to show that At = ^fj+i + ^t+i is a closed set. An inspection of lemma [831 shows 
that its proof is analog when replacing At+i by At+i as long as At+i is closed. Thus, it follows 
that At is closed. □ 

Corollary 5.2 (Corollary 3.13 in [16]). Let Mt C Mt+i for every time t G {0, 1, ...,T - 1}. Let 

{Rt)f=Q be a dynamic risk measure on L^{Tt) with acceptance sets {At)f^Q. Then, the following 
are equivalent: 

1. {Rt)J=Q is defined as in equations (|5.ip and (j5.2p .' 
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2. {At) f^Q is defined by 



At = At, 

yt e {0, 1, T - 1} : At = Af^XI + ^t+i' 
where {At)f^Q denotes the acceptance set of {Rt)f^Q. 

Corollary 5.3. Let the assumptions of corollary \5.S\ and assumption \3.1\ he satisfied and let 
additionally 

3. {Rt)f=Q be closed and convex with minimal penalty function (— q;™™)^o- Then, (— q;™™)^o 
defined recursively by 

-af''iqT,WT) = -ar^'iQT^WT), 
Vt G {0, 1, T - 1} : -af" iQt,wt) = cl [-af;tli {Qu wt) + [ -a"^? (Qt, {Qt, wt)) \ Tt] ) 

for every {Qt,Wt) € Wt, is equivalently defined by 

-dr\Q,w):=d U (E'i[Z\Tt] + Gt{w))nMt, (5.3) 
zeAt 

where {At)f^Q is obtained by the recursion in property 2 in corollary \5.S\ . The dynamic 
risk measure {Rt)J^Q corresponding to {At)J^Q is closed convex and multi-portfolio time 
consistent (but may fail to be finite at zero). Further, if Rt is finite at zero then Rt is 
equivalent to its dual form with penalty function — af"^. 

4- {Rt)f=o be closed and coherent (and thus normalized) with maximal dual set (VV™'^^)^o- 
Then, (W™'^^)^o defined recursively by 

Vt G {0, 1, T - 1} : Wf^^" = W^^^^ n H'+\W^f), 
is equivalently defined by 

:= [{Q,w) G Wt : wI{Q,w) G Af} , 

where {At)J^Q is obtained by the recursion in property 2 in corollary \5.2\ . The dynamic 
risk measure {Rt)f^Q corresponding to {At)f^Q is closed coherent and multi-portfolio time 
consistent, and is finite at zero if and only ifWf^^^ ^ for all times t. 

Proof. 3.: The proof of theorem 13.31 demonstrates the equivalence between the sum of penalty 
functions and the sum of acceptance sets, where A and —a have to be replaced by A and 
—a at the appropriate places. Regarding the assumptions of theorem 13. 3t closure and 
convexity follow from proposition 15.11 and normalization is not needed for this equivalence 
as stated in remark 4 in [TB] . Notice that lemma 13.21 does not require the finite at zero 
properties for acceptance sets. Finally, if Rt is finite at zero, then it is equivalent to its 
dual representation with minimal penalty function —a™™ by theorem 12. 4[ 

4. : Using the definition in ()5.3p . corollary 14.21 where W, A and —a is replaced by W, A 

and — d at the appropriate places, yields the equivalence between the two definitions of 
^yymax^^^ Closurc and coherence follow from proposition 15.11 and normalization is not 
needed for this equivalence as stated in remark 4 in [16]. Additionally, -Ri(O) / 0, see 
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proof of proposition 3.11 in [16]. Furthermore, Rt{0) 7^ Mt implies that Rt is proper 
and thus the dual representation holds true. Then, there exists a (Q, w) € Wt such that 
-af'''{Q,w) / Mt, i.e. VVf^^ / 0. And ^4(0) = Mt impliesjay proposition 13 (iv) in [22], 

□ 

The set-valued average value at risk was shown not to be multi-portfolio time consistent 
in [H] (and similarly the scalar average value at risk is well known to not be time consistent). 
In section 16.21 we will use corollary 15.31 to construct the composed version of the average value at 
risk and deduce its dual representation. 



6 Examples 
6.1 Superhedging 

In this section, we show that the dynamic superhedging portfolios in markets with proportional 
transaction costs satisfy the stability condition for the dual variables. The set of superhedging 
portfolios in markets with proportional transaction costs were studied in [29l [361 [301 [Ml [32] . Its 
dynamic extension was given in [16] and shown to be multi-portfolio time consistent. 

Let us consider a market with proportional transaction costs as in |29[ [36l I30j . which is 
modeled by a sequence of solvency cones {Kt)J^Q. Kt is a solvency cone at time t if it is an J^j- 
measurable cone such that for every u € 0, Kt{u}) is a closed convex cone withM^ C Kt{uj) C M'^. 
Kt can be generated by the time t bid-ask exchange rates between any two assets, for details see 
|29[ [36l I30j. The solvency cone at time t can be interpreted as the set of positions which can be 
exchanged into a nonnegative portfolio at time t by trading according to the prevailing bid-ask 
exchange rates. Let us denote by 

T 

Ct,T ■.= -Y,L''Ms;Ks). 

s=t 

Ct^T can be interpreted as the set of L^(J-'T)-valued random portfolios Vr : — > that can 
be reached by trading self-financingly until time T starting with endowment at time t, see 
[291 [Ml [301 [E]. 

As shown in |16j . the set of superhedging portfolios at time t is given by 

SHPtiX) := {u € L2(7-t) -.-X + uG -Ct,T} ■ 

If the market process {Kt)f^Q satisfies an appropriate no arbitrage condition (called robust no 
arbitrage , see [29l [36l [30l [16] for details) , then the set of superhedging portfolios has the following 
dual representation 

SHPtiX) = fl (E'i[X\Tt] + Gtiw)'^ , (6.1) 
(Q,i«)eW{t,,.,,T} 

where t, r G {0, T} with t < t and 

>V{w} ■■= {W'^) e : wtiq,w) e LliTs;Kt)ys e {t,...,T}, 

*[(Q,^)GL^(7-,;(L2(7-,)n ^ L^.iT.; Ks))+)\ ; 

S=T+1 ) 

:= {iq,w) G MdiP) X {Ll,iTt;K+)\{0}) : wJiQ^w) € L'',iTT)+} C Wf 
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Since the stepped acceptance set is defined by At^r = —Ct,T H L^(J-V), the logic of corol- 
lary [HrTIl and property (v) on page 7 in [37], the stepped superhedging portfolios can be defined 
by the set of dual variables W{t,...,T} ^ = (where Wt,r = by Mt = L^^i^t) for all 
times t and remark [8 .Qp . 

It was further demonstrated in [16] that the set-valued function given by Rt{X) := SHPt{—X) 
defines a dynamic risk measure which is normalized, closed, coherent, and multi-portfolio time 
consistent. Thus, in order to show that the dual variables satisfy stability, it would remain to 
show that {y\^{t^...^T])t=Q satisfies equation (j4.ip . 



Lemma 6.1. For any time t and any t > t, 

y^{t,...,T} = { (Q M, w) : (Q, w) £ 



r},(I 



'5 '"t 



Proof. Let us show that yV{t,...,T} ^ 



i,w) : {Q,w) €W{t_r},Oi 



Take {<Q,w) € yV{t,...,T}- Then it trivially follows that {Q,w) G W{t,...,r}- Additionally, it holds 



,w)) G and w^^ 



hw)) 



, w) for every s > r. Therefore, it follows that 

w)) G yV{r,...,T}- And 



w^{Q,wl{Q,w)) G L'^^{Fs',Kf) for every s > r and thus we have 
since Q ®^ Q = Q, we have shown "C" . 

Conversely, if (Q, w) G W{t,...,r} and (M, w[(Q, tf)) G W{^,...,t} then letting S = 
to show that (S,w) G 'W{t,...,T}- Fo^' any s G {t, ...,r} it follows that E [^| J", 
and thus ?I;|(S, w) = wfiQ, w) G LVTs; K+). If s G {t -M, T} then 



w|(S, = diag (w) diag I E 



E 



we wish 











'dQ 






"(iM 






"(iM 




^E 


_ dF 




^ diag 


_ cflP 




^ diag ^E 


cflP 


Tr 


^ E 


cflP 


Ts 





' dR 












_ cflP 


Tr 


^ E 




Ts 



Finally, (S, G W/^ trivially follows from the same logic as above. Therefore Wjf 



□ 



In the frictionless case the no arbitrage condition implies At^t+i = Atr\L^{J't+i) = Li^iT', Kt)+ 
L^(7"t+i; Kt+i) (see e.g. section 4.2 in [33]), and thus the stepped dual variables can be simplified 
to 



w) G 



K 



GL^(7-.;ir+)VsG{t,...,r}}. 



Since the proof of lemma \6A\ above does not require the additional condition that wKQjW) G 
^di-^-r'^ (-^^(-^t) n Yl'^=T+i ^^d^Ts^Ks))^) for any (Q, w) G W{f^...^^}, we can immediately conclude 
that dual variables for the frictionless superhedging price are stable as well. 



6.2 Average Value at Risk 

In this section we will discuss the dynamic set-valued average value at risk and the composed 
dynamic set-valued average value at risk. As the underlying spaces we consider L2(J^f ), L^(J^t) 
with p = 1 and q = oo. 

The dual definition for the dynamic average value at risk with time t parameters A* G L^{Tt) 
where < A* < 1 is given by 

AV@R^{X) := fl (e^ [-X\ Pt] + Gt{w)^ n Mt (6.2) 
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for any X € L^{Tt) where 



,w) eWt: diag (w) [ diag (A*) ^ 1 - diag ( E 













_ cflP 







and 1 := (1, 1)"^ G R'^, see section 5.2 in [l6]. 

In the fohowing proposition, we deduce the acceptance set and thus the primal representation 
for the dynamic average value at risk given in (j6.2p . This proves that ()6.2p is the dynamic version 

lA 
^0 



of the closure of the static average value at risk defined via its acceptance set Aq in [26]. 



Proposition 6.2. The acceptance set associated with the conditional average value at risk at 
time t and parameter A* is given by = c1(j4^) where 

A^ = [x e LliJ^T) -^z e lI{Tt)+ : X + z ~ diag {xy^E[z\Tt] £ L\{Tt)+} 

and is the maximal dual set. 

Proof. By corollary 12. 5| in order to show that A^ is the acceptance set for AV@Rf and 

is the maximal dual set we need to verify that Wf" = {(Q,w) S Wt ■ wJ{Q,w) S since 

(A^r = {A^r- 



It can easily be seen that A^ = y^^^i^^^^^ ^diag (A*) ^E[Z\ Tt] - Zj + L\{Tt)+- Addi- 
tionally, UzeL^(JT)+ ("^^^S ('^*) [Z\^t\ ~ Z^ ^ (J-t-conditional) cone containing (letting 
Z = 0). Therefore 'wf(Q,w) e {A^)+ if and only if 



W 



if{Q,w)(^[ U (diag(A*) 'E[Z|7-t]-z) I nLfiTrY 

Z(iL\{TT)+ 



by property (v) on page 7 in [37]. By {Q,w) e Wt, it already follows that wf{Q,w) € Lf{Ti 
Thus the maximal dual set for A'^ is given by 

Q,u;)GWt:w)f(Q,w;)G j |J (diag (A*) E [Z| J-^] - Z 

\zeL\{TT)+ 

The condition wJ'{Q,w) € (UzgI/1(J"t)+ (^^^S {^^) [Z\J^t] — is true if and only if 

for every Z £ L\{Tt)+ 




< E 
= E 

= E 
= E 



)Tdiag(A*) ^E[Z\Tt 



-E 



wJ{Q,w)'^Z 



diag (A*) ^w)' Z 



■E 



wf{Q,w)^Z 



-1 r.T, 



(diag (A*) 'w-w'[{Q,w)] Z 
This means that this additional condition is equivalent to 

diag (A*) w - wJiQ, w) = diag (w) diag (A*) 1 - diag | E 





'dQ 






(e 


_ dF 




) dF I 



Therefore W^^ = {{Q,w) G Wt : Wt{Q,w) € {A^)+}. 



□ 
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In proposition 5.4 in [16] it was shown that {AV@R^)f^ Q is a normahzed closed coherent 
dynamic risk measure. It can easily be seen that {AV@Rf)f^Q is not a multi-portfolio time 
consistent risk measure. However, by backward recursion we can construct a composed, multi- 
portfolio time consistent version of the set-valued average value at risk and corollary 15.31 provides 
a method to find its dual representation. In the scalar case the composed average value at risk 
is studied in [TTj . 

Lemma 6.3. Let assumption \3.1\ be satisfied. The composed version of the average value at risk 
{AV@Ri)J^Q is given by 

AV@rUx) := f] (e^[-X\ Tt] + G^h) n Mt, 

where 



:= {(Q, w;) G : Vr G {t, T - 1} : VZ G : 



E 



diag {wliQ, vj)) { diag (A^)~^ 1 - diag { E 





'dQ 












^E 


_ dF 




^ E 


_ cflP 




)) 



z 



> 



sup<^E 



-.T + l , 



, w)'^d\ : D G n [Ur+i + (diag (A^^^ E [Zj j;] - z)] }} . 



is a multi-portfolio time consistent risk measure. 

Remark 6.4. The dual representation in lemma [6^31 simplifies a lot if all assets are eligible, i.e., 
if Mt = L^{Ft) for all times t. Then, the composed average value at risk at time t is defined by 
the dual set 



G Wt : Vr G {i,...,T- 1} : 



diag {wl{^, w)) I diag (A^)"^ 1 - diag ( E 











"dQ 






^E 


_ dF 




^ E 


_ dP 




) 



^ -^d(-^r+l) + 



This follows since by lemma [63| the stepped average value at risk has in this case maximal dual 
sets 



^ 1 - diag (e 


"dQ 






"dQ 






_ dP 




^ E 


_ dP 




) 



G L^(J".) + 



for all times t,T £ {0, 1, ...,r} with t < t, where Wt^r = VVj by remark [8.91 This dual represen- 
tation can be interpreted as the extension of the stepped scalar representation given in jllj . 

Proof of lemma \U7S[ By cor ollarv 15.31 {AV@Rt )J^q is the multi-portfolio time consistent version 
of {AV@R^)J^Q if and only if 



t,t+i 



where ^ for all times t. Trivially it can be seen that = Wt- Furthermore, = Wt 



since (Af) ^ - 1 > for every i = 1, ...,d (by < Af < 1) and w = ■w'^{Q,w) G L^{Tt)+ by 
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(Q, w) € Wt, and therefore the product is ahnost surely nonnegative. By lemma 16.51 below it 
holds 



E 



diag {w) I diag (A*) ^ 1 — diag | E 





'dQ 






'dQ 






^E 


_ cflP 




^ E 


_ cflP 







> 



sup {e [w'^E'i [D\ Tt]] : D G L\{Tt+i)- n [m^+i + (diag (A*) ' E [Z| J-^] - z)] }} . 
Furthermore, using lemma O and ?Z;[+i(Q, iD*+^(Q, = ^t;^Q,^«) it follows 
H'+^ (Wt\^ = {(Q, w) € Wt : Vr G {t + 1, T - 1} : G : 



E 



diag (w)[(Q, w)) diag (A^)"' 1 - diag E 





'dQ 






'dQ 








_ dF 




^ E 


_ (flP 







> 



sup \ E 



It; 



u;)^!)] : D G L;^(7;+i)_ n + (diag (A^)"^ E [Z| TV] - z)] } } . 



Noting that HT^i^^vS) = w for any time r, the recursive form = H^^^ [yVfj^ij n W^^j^i 

is proven. Finally, Wj^ ^ holds since {¥,w) G W^^ for any w G L^(J-t)+. This is because 
(P, -w) G Wt and for any r G {t, T - 1} 



E 



A N T 



diag(u;) diag(A^)~M-l Z 



> 



□ 



for every Z G L\{Tt)+ and E [w"'"!)] < for every D G L\{Tt)-- 

Lemma 6.5. The stepped average value at risk from time t to t (for t,T € {0,l,...,r} with 
t < t) with time t parameters A* G L^{Tt) where < A* < 1 is given by 



AV@Rl,{X) := (~] (e^ [-X\ Tt] + Gt{w)) n Mt 

for any X G L\[Tt) where 

W,\ = {iq,w) G Wt,r : VZ G L\{Tr)+ : 

diag (w) I diag (A*) ^ 1 — diag | E 



E 



sup < E 



'dQ 






' dQ 






_ dF 




^ E 


_ (iP 




))' 



> 



wI{Q,w)'d\ : G n [m, + (diag (a*) ' E [Z| /"t] - z)] }} 



IS i/ie associated maximal stepped dual set. 

Proof. Using the definition of the acceptance set for AV@Rf given in proposition 16. 2( we find 
the stepped acceptance set is given by A^ .^ = c1(j4^^) where 

A^^ = A^ n Mr = \^X eMr:3Ze L\{Tt)+ -.X + Z- diag (A*)"^ E [Z\ Ft] G L\{Ft)+] 

= {X G Mr : 3Z G L\{Fr)+ -.X + Z- diag (A*)"^ E [Z\ Tt] G L\{Tr)+] 

U (diag (A*)"'e [Z| Ft] -Z)+ L\{Fr)+ I n Mr. 



19 



By corollary 18.111 and {A^^)~^ = {A^^)~^, the maximal stepped dual set is given by 

It can trivially be seen that X G A^^ if and only if X = diag (A*) ""^ E [Z| Tt] — Z + D for some 
Z G L\{Fr)+ and D G L\{Fr)+ n [m^ + (Z - diag (A*) E [Z| j;])] . Therefore iS[(Q,w) G 
if and only if for every Z G L^(7'^)+ and D G Li(7-^) + n [m^ + - diag (A*)~^ E [Z[ J^t]) 



< E 
= E 



-iD^Q,?!;)"^ (diag(A*) ^ ¥.[Z\Tt] - Z + D 













+ E 







That is, for every Z G L^{Tr)+ 

sup{e [tZ;[(Q,u;)^Z) : D G L^(j;)_ n Af^ + (diag (A*) E [Z| T-^] - } 

diag I diag (A*) ^ 1 — diag | E 



< E 





'dQ 






"dQ 








_ dF 




^ E 


_ cflP 


T 

J T 





□ 



7 Conclusion 

Multi-portfolio time consistency is investigated for closed convex and coherent dynamic risk 
measures on L^{J^t)- We show that the equivalent definitions for multi-portfolio time consistency 
are the generalizations of the equivalent definitions in the scalar case, thus lending support to 
this being the proper set-valued version of (scalar) time consistency. In the convex case we find 
that multi-portfolio time consistency is equivalent to a condition on the sum of minimal penalty 
functions, sometimes called the cocycle condition. In the coherent case we give a generalized 
version for the stability of the dual variables and show that this is equivalent to multi-portfolio 
time consistency. We then show that the dynamic superhedging portfolios in markets with 
transaction costs satisfy this stability condition, verifying its usefulness in practice. Finally, a 
rule for constructing multi-portfolio time consistent versions of convex and coherent risk measures 
is provided and applied to the set-valued average value at risk. This construction has a clean 
form for the dual variables and appears as a generalization of the time consistent version in the 
scalar case. 



8 Appendix 

8.1 On the relationship of dual variables at different times 

In considering how closed convex (and coherent) risk measures relate through time we must 
consider how the sets of dual variables relate. In the following lemma we provide such a rela- 
tionship between elements of Wj and elements of Wr for any times t, r with t < t. In fact we 
define a mapping on Wt which is equivalent (in the set-valued replacement for continuous linear 
functionals) in Wr- In the scalar framework this type of property is not needed since the set Wt 
can be simplified to any Q ^ P for any time t. 
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Lemma 8.1. Let assumption \3.1\ be satisfied. Then for any choice of times t and t > t it follows 
that: 



1. 



wl{Q,w)) : (Q,u;) G Wa C 



Mr _ pMr 



2. for every (M,i;) G Wr there exists {Q,w) G Wt such that F^^^^^ - . (Q^^r(Q^^)). 

Proof 1. {iQ,wl{Q,w)) : {Q,w) G Wt} C Wr if and only if wl{q,w) G ((M^)+)+\M^ and 
(Q,«^[(Q,w')) e L^(^t)+ for all (Q,u;) G Wt. 
(a) Let (Q,u;) G W*. Show ^i)[(Q,u;) G ((Ma+)+\M^^: 
i. Let rur G (Mt-)+, then 



E 



E 



> 



since E'Q [m^| J't] G (Mt)+ by Mt 2 A^r n L^(7't) and Mr[uJi] = Mr [^2] for almost 
every uji,uj2 G ^2. 

ii. Since {Q,w) G Wt, in particular since w ^ Mj^ there exists G Mt C M,- such 
that E [t(;"'"mt] 7^ 0. Then, 



E 



wl{Q,w)'^mt] = E L'^E'Q [mt\ Tt] 



E 



w^mt 



(b) = u;nQ,«^) e L2Tt)+ by (Q,u;) G W*. 



2. By lemma 4.5 in |16] it follows that for every (M, f) G Wr there exists a (1^, f) with y G 
L^(Jt)+, G (E[y| J-,]+M,^)\M,^ such that F^^^^ = F^^y And for every {Y,v) 

with Y G LI(J't)+ and G (E [y| 7"^] + M^) there exists (Q, Wr) G Wr such that 

^ = Efe]ifKM>0 (and «^gLH-^t)+ 

1 arbitrary if E [1^] = 0). Therefore it remains to show that there exists a 



with E 

Wt G -^^f(-7='t)" such that Wr = wJiQ, Wt) and (Q, Wt) G W*. Let Wt := E [wr| -Ft] = E [Y\ J^]. 



(a) Show Wr = WtiQ,wt), i.e. show {wr)i 







eI ^ 





for every i = l,...,d. If 



E [Yi\ = then {wt)i = and (i(;r)i = 0, and thus {wr)i = {wl{<Q,wt))i. If E [Yi] > 
then 



{wt)^E 


' dQ, 
dF 


-Fr 


E[l^,|-Ft]E[l^,|-Fr] /E [y,] 


E 


' d 

a 


Qi 
f 


-Ft' 


E[Yi\J^t] /E [K.] 



E[yi|-Fr]M ifE[yi|-Ft](a;) >0 

= E[yi|-Fr]H ifE[l^,|.Ft](L^) = 



{Wr)i. 



(b) Show (Q, w;t) G Wt 

i. Show Wt G ((Mt)+)+\Mi^. 

A. Let mt G (Mt)+, then E [w;t"^mt] = E E [wr\ Tt]^ mt = E [wjmt] > by the 
tower property, {Mt)+ C (A/r)+ and Wr G ((Afr)+)^- 

B. Since (Q,iL'r) G Wr, in particular since w^- ^ A/^ there exists m-r G Afr such 
that E[wjmr] + 0. Then E^[mr|-Ft] G Aft by Aft 5 Afr n L^^{Tt) and 
A/r[wi] = Mr [1^2] for almost every ui\.,uj2 G ^- Therefore, E [il'JE''^ [mr| -Ft]] = 
E {wl{^,wt)^ mr\ = E [u-^rrir] 7^ 0. 
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□ 



The following corollary of lemma [HTT] uses the above result applied to penalty functions instead 
of the functionals F(. .)[•]. 

Corollary 8.2. Let assumption \3.1\ be satisfied. Then, for any (M, f) € Wr there exists {Q,w) € 
Wt such that 

for any times t,T G {0, 1, T} with t < t. 
Proof. 



where equation (|8.ip is a result of lemma [8? 



(8.1) 



□ 



Lemma 18.11 and corollary 18.21 show that for a given penalty function — a™'° the set of dual 
variables {{QjWj {Q,w)) : {Q,w) € W*}, t <t defines the same closed and convex risk measure 



n Mr 



-a. 



,W)+ {E^[-X\Tr]+Gr (W) 



n Mr. 



at time r as the set of dual variables Wr, that is 

Rr{X)= fj [-af^{Q,wl{Q,w)) + (E'^[-X\Tr]+Gr{wUQ,w)i 

= n 

(Q,Ul)GWr 

The following lemma, about the expectation of minimal penalty functions, is an extension 
of lemma 2.6 in [T7]. As a set-valued operation, this theorem gives a set-valued version of 
when the conditional expectation of an infimum is equivalent to the infimum of the conditional 
expectation. The proof of the lemma is a simplified version of the proof of lemma 2.6 in [17] since 
the sets {E^ [X\ J^t] + Gt{w)} are shifted half spaces for any X G At and a fixed (Q, w) G Wt and 
thus are completely ordered, in contrast to the scalar case, where the points K'^ [X\Tt] under 
consideration are not completely ordered. 

Lemma 8.3. For any times t,T {0,1,..., T} with t < t, and if Rt is a closed convex risk 
measure under assumption \3.1\ then for any (Q, u?) G Wt, it follows that 



,wl{q,w))\Ft]=c\ J {E!^[X\Ft] + Gt{w))f^Mt. 



X^Ar 



Proof Let {Q,w) € Wt. Then, by lemmaEH {Q^wJ {Q,w)) e Wr- It holds 



< E 



xeAr 



ar\Q,wUQ,w))=cl J (E'^[X\Tr]+Gr{wJ{Q,w)))nMr 



cl J lueMr-.E wJ{Q, u;)"^E^ [X\ Tr 



Wt [H, w 



X&Ar 



HI 



cl y |n G Mr : E w^E^ [X\ Tt] < E w'^E'^ [u\ Tt] } 



X€Ar 

u G Mr : inf E 

X£Ar 



w'^E^ [X\ Tt]\ < E Iw'^E^ [u\ Tt] 
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Taking the conditional expectation on both sides yields 

[-af''{q,wJ{Q,w))\ Tt] = |e^ [u\ J'tj-.ue Mr, inf E L'^E^ [X\ Tt_ 



< E 



w^E"^ \u\Tt 



ue Mt: inf E 

xeAr 



w'^E'^[X\Tt] 



< E 



cl U (E'^[X\Tt] + Gt{wyjnMt. 

X&Ar 



□ 



We conclude our discussion on how dual variables across time are related by considering 
the conditional expectation of random halfspaces. In particular, we demonstrate that the Q- 
conditional expectation (at time t) of the halfspace defined by wKQ, w) is given by the halfspace 
defined by w. 

Proposition 8.4. Let t,T e {0, 1, ...,r} with t < t and let Q G Mdi^) and w G LVTt). Then, 



[Gr{wl{Q,w))\J^t] = Gt{w) 



Proof. 



E'^[Gr{wl{Q,w))\Tt] 



{e^ [u\Tt]:ue L2Tr),0 < E [wJ{Q, w)'^u\ } 
{E^[u\Tt]:ue LP{Tr),0 <E E wl{Q,w)'^u^Tt } 
{E'^[n\Tt]:neLP^{Tr), 



< E 



E 



diag (w) diag ( E 



E^ \u\ Tt\:u(^ I-di^r), < E w^E^ [u\ Tt] } 
|n G : < E u | 



GAw). 



□ 



8.2 On the sum of closed acceptance sets 

When considering multi-portfolio time consistency for closed risk measures we need to guarantee 
that the composed risk measures are closed, or else the recursive form would fail to hold. In 
particular, this would be true if the sum of acceptance sets are themselves closed. Note that an 
application of the Dieudonne theorem, characterizing when the sum of two sets is closed, is not 
possible here as it requires strong assumptions that are not satisfied in our case. However, since 
the sets are acceptance set, closedness of the summand is all one needs to assume. In the scalar 
framework this condition is not considered since the value of the risk measure is an (essential) 
infimum and thus the closure of the acceptance set gives the same risk compensating value as 
the original acceptance set. 

Lemma 8.5. Let {At)f^Q be a sequence of closed acceptance sets. Let Mt+i be the set of eligible 
portfolios at time t + 1 (a closed linear subspace of L^i^J't))- Then, + At+i is closed. 
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Proof. Consider a net (Xj)jg/ (or a sequence if p < oo) with index set / satisfying Xi G A^'t^l + 

Af^i and linij Xi = X G LF^{Tt)- We need to show that X E A^t+i Since Af+i is closed, 

Rt+i is closed (proposition 2.11 (vii) in [16]) and thus (see proposition 2.34 in [31]) it holds 

Rt+i{X) D r\c\\\Rt+i{Xj) = liminfi?t+i(X,). 
Lemma 3.6 (i) in [16], using that Xi G + At+i for all z G J, yields 

G n u ^*(-^) 

je/ye_Rt+i(x,) 

^ n u ^*(-^) 

ie/yeciu,>,flt+i(Xj) 

U Rt{-Y) (8.2) 

^ U ^*(-^)- 

ye_Rt+i(X) 

This implies X G ^^^i + ^t+i by lemma 3.6 (i) in [16]. Equation ()8.2p follows from: 

1. If u G Uy6n.6/clU,>,Rt+i{X,) Rt{-Y) then trivially n G fl.e/ UyeclU,>, ^t(-5^)- 

2. If u G flie/Uyeci U ^) then for every i G I there exists a net Yi^Q G 
Uj>j -Rt+i(-'^j) converging to G cl\Jj^^Rt+iiXj) such that u G i?t(-yj). Trivially 
Uj>m -Rt+i(-'^j) ^ Uj>i ^t+i(-''^j) for every i,m G I such that i < m, so we can let Yi = Y^ 
for every i < m. Therefore, there exists a y G Mt-^i such that for every i G / we have 
>^ € Ui>i^t+i(^i) such that u G iZt(-y), i.e. u G Uyen^e, ciu,>, ^*(-^)- 

□ 

Moreover, when applying lemma [3?2] to the proof of theorem 13.31 we need not only the sum of 
closed convex acceptance sets to be closed, but also to be a closed convex acceptance set itself. 
This is given in the following lemma. 

Lemma 8.6. Let {At)f^Q be a sequence of closed convex normalized acceptance sets, and let 
Mt C Mt+i for all times t = 0, 1, T - 1. Assume ^f^^+i + At+i C At, then ^fj+i + At+i is a 
closed convex acceptance set at time t. 

Proof. A^l^^l + At+i is closed by lemma [831 and convex since both A^^^'+l and At+i are convex. 
Let us check the properties of acceptance sets (see definition 12. 2p . 

1. Aff^^ + At+i C L2(J-t) trivially. 

2. Mt n (^Aff^l + At+i^ 2 Aft n Mt+i nAty^d) since G At+i (by closed and normahzed), 
Mt n At / 0, and Mt n Mj+i = Mt. 

3. Mt n (l^(-Ft)\ {^^V^-i + 2 Mt n (L^(7-t)\A0 / by ^f^^^^ + At^i C A,. 

4. A^t+i + At+i + L^iJ^rh C Afi^l + A^+i trivially. 

□ 
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8.3 Stepped risk measures 

In this section, we consider the dual representation of closed convex and coherent stepped risk 
measures i?t,r : — > ^(-^t; This is used in sections [3] and [H as the stepped penalty 

functions and stepped sets of dual variables play a role when discussing equivalent characteri- 
zations of multi-portfolio time consistency. For the dual representation we will use set-valued 
duality defined in [25] analogously as for conditional risk measures in section 4 of |16] . 

Given a risk measure Rt : L^{Tt) — > V{Mt] (M()+), a stepped risk measure Rt^ri^) '■= {u E 
Mt : X + u € A^;} for X G is the restriction of Rt to M^, i.e. Rt^r = Rthu- Therefore, 
if Rt is closed convex (coherent) then Rt^r is closed convex (coherent). Furthermore, if Rt is 
L^(J-j')-)_-monotone, then Rt^r is (MT-)+-monotone. 

Lemma 8.7. Let Rt he a closed convex risk measure. The set of dual variables for Rt^r ■ Mr — )■ 
V{Mt\ (M()_|_) with t < T under assumption \'j.l\ is given by 

Wt,r = {{Q,w) € X (((Mt)+) + \Mi^) : wUQ,w) ^ ((^0 + )+} • 

Proof. By (MT-)+-monotonicity and the logic of proposition 4.4 in [16] the (classical) stepped dual 
variables are given by {{Y,v) -.Ye ((M^)+)+, u G (E [Y\ Tt] + M^) \M^]. Then it remains to 
show that for any dual pair (Y, v) there exists a (Q, w) € Wt^r such that P(Yv) ^-^^ ~ ^{Qw) ^-^^ 
for any X € M,-, and vice versa. 

1. Let {Q.,w) G Wt,r- Then, we will show that there exists a dual pair 



{Y,v) G [{Y,v) : Y G ((M,) + )+,t; G (e [Y\ Tt] + M,^) \M,^} 

such that F^^^) [X] = F*^;^) [X] for any X G M,. Let Y = wl{Q,w) G {{Mr)+)+ (by 
remarkESjand lemma[EI](i)), therefore E [X'^Y] = E [wJ{Q,wyx] = E [w'^E^ [X\Tt]] 
and E [y| Tt] = w. From id G ((Mj)+)+\Mj^ we can rewrite w = if((Mt)+)+ + "^m^- Thus 
V = tf((A./t)+)+ = w — ^ IE[y| + Mj^. Finally, w ^ M^-'- implies v M^"'", and 

E [tt;"'"n] = E [v"*"!/,] for every u G Mj since w G v + M^^. 

2. Let (y,z;) G {{Y,v) : Y G ((M^)+)+,^; G (E [y| 7^] + M^^) W^^}. We want to show there 
exists a (Q,w;) G Wt,^ such that F^^*^^ [X] = F^^'^^ [X] for any X G M^. Let w G 

E [(y + M^) n L%Fr)+\Tt] (which is nonempty), i.e., w = E [y + m-*"! for some 
m-*- G and y + G F^(J>)4.. Then it can easily be seen that w ^ v + M^- for 
u G (E [y| j;] + M^) \M^ C ((Mt)+)+. Thus w G ((Mt)+)+ + M^^ and with v M^^ this 
implies w G ((Mt)+)+\Mi^. From w e v + it follows that E [w^u] = E [v'^u] for every 
M G Mt. 

Additionally, choose Q G Mdi"^) such that E ^ j; = gj^^'^Vj if E \Yi + mf] > 

and arbitrarily in L\{Fr)+ such that E ^ = 1 if E [y^ + mf] = 0. Then wl{Q,w) = 

y + m-L G ((M^)+)+ + C ((M^)+)+. And thus it follows that E [nj^E^ [X\Ft\\ = 
E [wl{Q, wYx] = E [y"^X] for every X G M^. 

□ 

Remark 8.8. For any choice of eligible portfolios Mt satisfying assumption 13. 1 1 it trivially follows 
that Wt^r 2 Wt for any t < r. 
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Remark 8.9. If we denote Wt^riM, N] to be the set of stepped dual variables with eligible spaces 
M at time t and N at time r, and VVt[M] denotes the set of dual variables with respect to the 
eligible space M at time t. Then, an inspection of the proof of lemma 4.5 from [16] shows that, 
for any choice of eligible portfolios Mj, Wt^riMt, L^{J-r)] = VVt[Mt] holds true. 

The lemma below gives a dual representation for closed convex stepped risk measures. In 
particular, it demonstrates that the minimal stepped penalty function as defined in (|3.ip can be 
used in a dual representation to define a closed convex stepped risk measures. 

Lemma 8.10. The dual representation for any (Mr) + -monotone closed convex stepped risk 
measure Rt^r '■ V{Mt; (Mt)+) with t < t is given by 

RtAX) = n [-«tT(Q, w) + (e^ [-X\ Tt] + Gt{w)) n Mt 

for any X G where 

I w)=d \J (e^ [X\ Tt] + Gt{w)) n Mt. 



Proof. This is an adaption of theorem 12.41 to stepped risk measures using lemma 18.71 □ 

Finally, we will use the above results to give a dual representation for closed coherent stepped 
risk measures. 

Corollary 8.11. The dual representation for any (Air) + -monotone closed coherent stepped risk 
measure Rt^r '■ M^- V{Mt] (Mt)+) with t < t is given by 



for any X G where 

Proof Note that -a^^'^(Q, w) = cHJ^eAf- (^^ 1^1 -^*] + Gt{w)) nMt = Gt{w)nMt if and only 



if for every X G A^^^ we have 



E 



w'^E^ [X\Tt] \ = E w)'^X 



>0, 



i.e. w'[{Q,w) G Thus, for a (Mr)+-monotone closed coherent stepped risk measure Rt^r 

with t, r G {0, 1, T} and t < r it holds that for any (Q, w) G Wt,r 

-a^i^iQ, w) = Gt{w) n Mt ^ wUQ, w) G (4*^0+- 

An application of lemma [8771 provides the desired result. □ 



26 



References 



[1] Beatrice Acciaio and Irina Penner. Dynamic risk measures. In Giulia Di Nunno and Bernt 
Oksendal, editors, Advanced Mathematical Methods for Finance, pages 1-34. Springer, 2011. 

[2] Philippe Artzner, Freddy Delbaen, Jean-Marc Eber, and David Heath. Thinking coherently. 
Risk, 10:68-71, 1997. 

[3] Philippe Artzner, Freddy Delbaen, Jean-Marc Eber, and David Heath. Coherent measures 
of risk. Mathematical Finance, 9(3):203-228, 1999. 

[4] Philippe Artzner, Freddy Delbaen, Jean-Marc Eber, David Heath, and Hyejin Ku. Coherent 
multiperiod risk adjusted values and bellman's principle. Annals OR, 152(1) :5-22, 2007. 

[5] Imen Ben Tahar and Emmanuel Lepinette. Vector-valued risk measure processes. Preprint, 
2012. 

[6] Tomasz R. Bielecki, Igor Cialenco, Ismail lyigunler, and Rodrigo Rodriguez. Dynamic conic 
finance: Pricing and hedging in market models with transaction costs via dynamic coherent 
acceptability indices. ArXiv e-prints. May 2012. 

[7] Jocelyne Bion-Nadal. Conditional risk measures and robust representation of convex risk 
measures. Ecole Poly technique, CMAP, preprint no. 557, 2004. 

[8] Jocelyne Bion-Nadal. Dynamic risk measures: Time consistency and risk measures from 
bmo martingales. Finance and Stochastics, 12(2):219-244, April 2008. 

[9] Jocelyne Bion-Nadal. Time consistent dynamic risk processes. Stochastic Processes and 
their Applications, 119(2):633 - 654, 2009. 

[10] Patrick Cheridito, Freddy Delbaen, and Michael Kupper. Dynamic monetary risk measures 
for bounded discrete-time processes. Electronic Journal of Probability, 11(3):57-106, 2006. 

[11] Patrick Cheridito and Michael Kupper. Composition of time-consistent dynamic monetary 
risk measures in discrete time. International Journal of Theoretical and Applied Finance, 
14(1):137-162, 2011. 

[12] Patrick Cheridito and Mitja Stadje. Time-inconsistency of var and time-consistent alterna- 
tives. Finance Research Letters, 6(l):40-46, March 2009. 

[13] Freddy Delbaen. The structure of m-stable sets and in particular of the set of risk neutral 
measures. In Michel Emery and Marc Yor, editors. In Memoriam Paul-Andre Meyer, volume 
1874 of Lecture Notes in Mathematics, pages 215-258. Springer Berlin / Heidelberg, 2006. 

[14] Freddy Delbaen, Shige Peng, and Emanuela Rosazza Gianin. Representation of the penalty 
term of dynamic concave utilities. Finance and Stochastics, 14(3):449-472, 2010. 

[15] Kai Detlefsen and Giacomo Scandolo. Conditional and dynamic convex risk measures. 
Finance and Stochastics, 9(4):539-561, 2005. 

[16] Zachary Feinstein and Birgit Rudloff. Time consistency of dynamic risk measures in markets 
with transaction costs. ArXiv e-prints, December 2012. 

[17] Hans Follmer and Irina Penner. Convex risk measures and the dynamics of their penalty 
functions. Statistics and decisions, 24(l):61-96, 2006. 

[18] Hans Follmer and Alexander Schied. Convex measures of risk and trading constraints. 
Finance and Stochastics, 6(4):429-447, 2002. 

[19] Hans Follmer and Alexander Schied. Stochastic Finance: An Introduction in Discrete Time. 
De Gruyter Studies in Mathematics. Walter de Gruyter & Co., 2011. extended edition. 



27 



[20] Marco Frittelli and Emanuela Rosazza Gianin. Putting order in risk measures. Journal of 
Banking & Finance, 26(7): 1473-1486, July 2002. 

[21] Marco Frittelli and Emanuela Rosazza Gianin. Dynamic convex risk measures. In G.P. 
Szego, editor, New Risk Measures for the 21th Century, pages 227-248. John Wiley & Sons, 
2004. 

[22] Andreas H. Hamel. A duality theory for set-valued functions I: Fenchel conjugation theory. 
Set-Valued and Variational Analysis, 17(2):153-182, 2009. 

[23] Andreas H. Hamel and Frank Heyde. Duality for set-valued measures of risk. SIAM J. on 
Financial Mathematics, l(l):66-95, 2010. 

[24] Andreas H. Hamel, Frank Heyde, and Birgit Rudloff. Set-valued risk measures for conical 
market models. Mathematics and Financial Economics, 5(l):l-28, 2011. 

[25] Andreas H. Hamel and Birgit Rudloff. Continuity and finite-valuedness of set-valued risk 
measures. In C. Tammer and F. Heyde, editors, Festschrift in Celebration of Prof. Dr. 
Wilfried Creckschs 60th Birthday, pages 46-64. Shaker Verlag, 2008. 

[26] Andreas H. Hamel, Birgit Rudloff, and Mihaela Yankova. Set-valued average value at risk 
and its computation. ArXiv e-prints, February 2012. 

[27] Saul Jacka and Abdelkarem Berkaoui. On representing claims for coherent risk measures. 
Preprint, May 2011. 

[28] Elyes Jouini, Moncef Meddeb, and Nizar Touzi. Vector-valued coherent risk measures. 
Finance and Stochastics, 8(4):531-552, 2004. 

[29] Yuri M. Kabanov. Hedging and liquidation under transaction costs in currency markets. 
Finance and Stochastics, 3(2):237-248, 1999. 

[30] Yuri M. Kabanov and Mher Safarian. Markets with Transaction Costs: Mathematical The- 
ory. Springer Finance. Springer, 2009. 

[31] Andreas Lohne. Vector Optimization With Infimum and Supremum. Vector Optimization. 
Springer, 2011. 

[32] Andreas Lohne and Birgit Rudloff. An algorithm for calculating the set of superhedging 
portfolios in markets with transaction costs. ArXiv e-prints, July 2011. 

[33] Irina Penner. Dynamic convex risk measures: time consistency, prudence, and sustainability. 
PhD thesis, Humboldt-Universitat zu Berlin, 2007. 

[34] Prank Riedel. Dynamic coherent risk measures. Stochastic Processes and Their Applications, 
112(2):185-200, 2004. 

[35] Andrzej Ruszczynski and Alexander Shapiro. Conditional risk mappings. Mathematics of 
Operations Research, 31(3):544-561, 2006. 

[36] Walter Schachermayer. The fundamental theorem of asset pricing under proportional trans- 
action costs in finite discrete time. Mathematical Finance, 14(l):19-48, 2004. 

[37] Constantin Zalinescu. Convex Analysis in General Vector Spaces. World Scientific, 2002. 



28 



